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1 Introduction

The entanglement entropy (often defined as the von Neumann entropy), which is used to
describe the correlations between two (or more) subsystems of a quantum field system, has
received a lot of attention over the past few years. It plays an important role in studying
the critical phenomena or phase transitions in condensed matter physics and quantum field
theory (for a recent review, see, e.g., [1]). Since it also describes the lack of information
for an observer in a subsystem A who is inaccessible to other subsystems, the concept of
entanglement entropy is also applied to black hole physics, where the black hole entropy is
viewed as an entanglement entropy resulting from the entanglement of the vacuum states
of certain quantum fields inside and outside the event horizon of black hole [2-5].

From the prospective of holography [6-10], the entanglement entropy acquires new
understanding. In ref. [11], Ryu and Takayanagi proposed the concept of holographic en-
tanglement entropy (HEE): the entanglement entropy of boundary CFT can be calculated
by considering bulk geometry of AdS space. They considered CFT on an d-dimensional
flat spacetime which serves as the (conformal) boundary of an (d + 1)-dimensional bulk
anti-de Sitter spacetime (AdSy41) and proposed that the entanglement entropy Sa of an
d-dimensional CFT system in a region A in the flat spacetime is determined by an (d — 1)-
dimensional spacelike, static, minimal hypersurface v4 in the bulk with A as its bound-
ary via

A
_ , 1.1
4G g1 (1.1)

where the conformal field in the region A is a subsystem of the whole system in A + B

Sa

in the flat spacetime, A is the area of v4, and Ggy1 is the (d + 1)-dimensional Newton



gravitational constant. Note that eq. (1.1) has the same form as the black hole area entropy
formula. This is the reason why they call S4 the holographic entanglement entropy. In
ref. [11], they checked the validity of this relation by a few examples. For the case of
AdS3/CFT; correspondence, the entanglement entropy calculated from the well-known 2-
dimensional CFT matches eq. (1.1) very well. When it is applied to higher dimensions,
e.g., AdS;/CFTy, however, the entropies calculated from both sides are not exactly the
same. It is argued that the occurrence of this discrepancy is due to the dual description of
the classical gravity in bulk AdS is a strongly coupled supersymmetric Yang-Mills theory,
but not a free one, while they only considered the free field approximation in the side of
field theory. This is similar to the case of the well-known difference by a factor 3/4 between
the entropy of black D3-branes and the entropy of free supersymmetric Yang-Mills theory.

Shortly, the proposal has been extended to many cases such as calculating the entropy
of black holes [12], de Sitter brane world [13] and studying the confinement/deconfinement
transition of gauge fields [14], and others, see for example ref. [15]. In the mean time, the
proposal has been studied in more detail in [16, 17] and Fursaev [18] has given a proof for
the proposal by applying the Euclidean path integral approach [19] to Riemann surfaces
with conical singularities [20] in the AdS/CFT correspondence.

Note that the proposal relates the bulk geometry to the HEE of boundary CFT and
in the AdS/CFT corresponence, the higher order curvature terms in the bulk are dual
to the large N expansion corrections in the dual CFT, it is natural to consider higher
order corrections to the bulk gravitational action and to see how the HEE of boundary
CFT gets modified. Typical higher order corrections to the Hilbert-Einstein action are
Gauss-Bonnet term [21] and Chern-Simons term [22] in the low energy effective action of
string theory. The Gauss-Bonnet term correction to HEE has been briefly discussed in [18].
Now an interesting question is to see how the Chern-Simons term correction modifies the
HEE of dual CFT. It is interesting because in general, the presence of the gravitational
Chern-Simons term modifies the bulk equation of motion by the Cotton tensor. How-
ever, for the global AdSs spacetime and the BTZ black hole, the Cotton tensor vanishes
identically, i.e., the bulk geometry does not change and a direct use of eq. (1.1) leads no
modification. It does not mean that the Chern-Simons term correction is trivial in this
case, because it violates the diffeomorphism invariance of the bulk gravitational action. In
the AdS/CFT correspondence, the violation of diffeomorphism invariance in asymptotically
AdSs3 (AAdS3) spacetime causes gravitational anomaly (covariant anomaly) in the dual 2-
dimensional CFT on the conformal boundary and changes the central charges of the CFT,
this corresponds to a modification to the BTZ black hole entropy by a term proportional
to its inner horizon [25-27]. The gravitational Chern-Simons term correction to black hole
entropy has also been studied in [28, 29] using the Wald’s entropy formula [30]. Although
in this case the variation of the Chern-Simons term doesn’t modify the bulk geometry, it
does modify the black hole entropy. The relation between trace anomalies and HEE has
been studied in [31].

The purpose of this paper is to study how the gravitational Chern-Simons term modifies
the HEE in AAdS3 spacetime. The standard way to calculate its entanglement entropy
is the replica trick [1] which computes the partition function of the quantum fields in



Fuclidean path integral formulation on an n-sheeted Riemann surface, in the limit of n — 1.
The conical singularity is introduced as a result of a conformal coordinate transformation
on the n-sheeted Riemann surface, which produces a § function in the Riemann tensor.
Then using the off-shell Euclidean path integral method [18], we find that to the leading
order the gravitational Chern-Simons term indeed varies the HEE (when the bulk is BTZ
black hole) as expected. We point out here that this is a approximately calculation since
we do not actually solve the constraint condition for 4.

The paper is organized as follows. In section II, we give a brief introduction of the
replica trick and the off-shell method introduced in [1, 18]. In section III we calculate
the gravitational Chern-Simons term correction to the HEE in the cases of zero temper-
ature and finite temperature, respectively. Then in section IV we make some conclusions
and discussions.

2 The replica trick and the off-shell method

2.1 Replica trick

Let’s consider an d-dimensional CFT ¢(z) defined on a flat spactime RY¥~1. Divide the
CFT system into two subsystems A and B with boundary d4. The density matrix p of the
whole system A + B in a thermal state at inverse temperature 3 can be expressed in the
Euclidean path integral as [1]

Py = ﬁ / Do) [ @0 .00 [ 006(7.9) — @ 05, (21)

where Iy is the Euclidean action of the whole system and the unitarity requires trp = 1.
Let the subsystem A consists of points z in some region. The reduced density matrix
pA(= trpp) for the subsystem A is obtained by sewing together the points which only belong
to B. Then the entanglement entropy of A is calculated from the von Neumann entropy

Sa=—trapalnpa, (2.2)

To compute Sy, define a new quantity trpy = Z,,(A)/Z", Z,(A) is the partition function
over an n-sheet structure by making n copies of the fields and sewing them together through
& (2)r = ¢"(2)py1 and ¢'(x); = ¢"(x), (1 <k <n).! Then Sy4 is given by

0 Z,(4)

1= g 5 2
Note that in the limit of n — 1, eq. (2.3) can be expressed as the Tsallis entropy [32]
trph — 1
Sy = lim —PA— - (2.4)

n—1 1—n

! As has been mentioned in [31], there is another sewing condition which needs ¢(x) to be continuous at
boundary da4.



2.2 Off-shell method
Following Subsection A, the d-dimensional CFT is defined on
ds? = dr* + da® + hydy'dy’, (2.5)

where 7 is the Euclidean time, h;; is the spatial component of the metric and 7, j € {2,3,- - -,
d —1}. Recall that in 2-dimensional space, the conformal transformations can be realized
as the holomorphic coordinate transformations in complex plane [33]. So we can define

w=r71+ix and W=7 —ix. (2.6)

The n-sheet structure mentioned above is realized by a singular coordinate transforma-
tion [31, 34]
1

w—z=wn, (2.7)

it is singular at z = 0 (when n # 1), which is the boundary between A and B at 7 = 0.
Then eq. (2.5) becomes

ds? = n?2" 12" dzdz + hijdy'dy’. (2.8)
Let n =1+ ¢, € is an infinitesimal real parameter. To the linear order of €, eq. (2.8) is

ds® = (14 2¢ + eIn(22))dzdz + hyjdy'dy’ + O(€?)
= 2h,:dzdZ + hijdy'dy’ + O(€?). (2.9)

A direct calculation shows that the Riemann tensor contains singular components due to
the In(zZz) term in eq. (2.9)

Iz =hn* 3;; and TZ, = hzf%, (2.10)
R = O - O T ST = O
R%z - 3;52 - 8;52 + F%Fiz - P;sz = _3;55_ (2-11)
The singular part of Riemann tensor is
SRZ, = °RZ_, = —21e0@ (2, 2), (2.12)
where the following relations have been used
.0%h.z  Oh* Oh,:
i = i Far s )
= (1 — 2 — 2 1n(z§))§2775(2)(z, z) — 8;; agj
and % = 276 (2, 2). (2.13)



Then the singular part of Ricci scalar is
‘R =2h"R,; = —4neh**6?) (2, 2). (2.14)
Now the key point is that in the AdS/CFT correspondence [8-10], the partition func-
tions of the bulk (super)gravity Z,,(h) and boundary CFT Zcpr(h) can be related through
Zgr(h) = Zcrr(h), (2.15)

and Zgr(h) can be calculated from its Euclidean path integral as Zg.(h) =
| Dlglexp(—Ig(g)), where g is the bulk metric with induced metric & on the boundary. For
3-dimensional Einstein gravity with a negative cosmological constant, the Einstein-Hilbert
action with Gibbons-Hawking surface term is

1 2 1
I, = V/=gd® = — ||z K 2.1
gr 167TG/M gd x(R—i—lg)—i-SWG/aM |h|d“z K, (2.16)

where [, is the radius of AdS3 spacetime and K is the extrinsic curvature on the boundary
OM. The dual field theory on OM is a 2-dimensional CFT on a circle consisting of
subsystems A and B. Thanks to the n-sheeted structure on the boundary, it introduces a

discrete parameter 5 = 27n in the partition function which reads [18]
Zopr(h, T) = ﬁli_{glw Zcrr (8, h, T), (2.17)

where T is the temperature of the CFT system. Analogous to the treatment in canonical
ensemble, the entanglement entropy of A is given by [37]

19}
Sa= Jlim (1 - B%> In Zepr (6, h,T). (2.18)

With eq. (2.15), S4 can be calculated by

Sq = ﬁliHQl (1 — ﬂ 0 ) In ZCFT(h)

op
P
=4 (1‘5%><—f§))(go)—1§§)(go)+---), (2.19)

(0)(

where I};”(go) indicates the (dominant) contribution from the solution gy (of bulk dynami-

(1)(

cal equation), and I’ (go) = 0, i.e., bulk dynamical equation has been used. In the saddle

point approximation (zero loop approximation), eq. (2.19) can be well approximately com-
puted as

Sa= Jim (1 - 6%)( 1 (90))- (2.20)

Dividing the the gravitational action (2.16) into the regular part and singular part and
using eq. (2.14) we obtain

i1, = —1 3 L/ N2 2.21
il E = 16G/ V—gd’z <R+12>+87TG - |h|d“x (2.21)

+167TG/ h.z/ydzdzdz®R

3 i 2 _
16WG/ =gz <R+l2> e /aM\/|h|d oK /\/_dm




where v is the induced metric of the spatial section ¥ with codimension-2. The term
fz \/Ydx is the Dirac-Nambu-Goto like action which denotes the area A of the codimension-
2 surface. Then we obtain

1 A

The constraint equation §.4 = 0 requires A be the bulk minimal surface with the boundary
0a. Eq. (2.22) is just of the form of eq. (1.1) in AdS3 spacetime. The above discussion can
be generalized into higher dimensional spacetimes.

3 Gravitational Chern-Simons term corrections to HEE

The action of 3-dimensional Einstein gravity with a negative cosmological constant in the
presence of a gravitational Chern-Simons term is

I = Ign + Ics
1 2 1
= —— [ J=gd® =)+ — V|h|d*z K
167TG/M g x<R+l§>+8wG o VIHd

tom |V ogdPe (TG OTay +2rg, 1817, e 3.1)
327G Jp VI gy T3 O e ) 3

where « is the coupling constant, A is the induced metric on the boundary, and K is
the extrinsic curvature of the boundary. Gravity described by this action is called the
topologically massive gravity (TMG) [22] and it recently received much attention [39-49].
Variation of I yields equation of motion

1 1
Raﬁ — §ga5R — ﬁgaﬁ + acaﬁ = O, (32)
where
v 1
Cap = € Vu | Bup = 7905 R (3.3)

is called Cotton tensor.

TMG permits the pure AdSs spacetime and BTZ black hole as its solutions and the
Cotton tensor vanishes identically in these cases. Here we only focus on these cases.

For the AdSs spacetime and BTZ black hole, a direct use of eq. (1.1) reflects no
correction to HEE in the presence of the gravitational Chern-Simons term. Since the bulk
geometries do not change in those cases. However, it does not mean that the Chern-
Simons term correction is trivial in these examples. Because the presence of gravitational
Chern-Simons term violates the diffeomorphism invariance of the gravitational action. In
the AdS/CFT correspondence, the gravitational anomaly (covariant anomly) occurs in the
dual 2-dimensional CFT and modifies its central charges as [25]

cL:c<1—|—lg> and cR:c<1—l2>, (3.4)



where c¢;, and cgr are the left-moving and right-moving central charges, respectively, and
¢ = 3l,/(2G). As a result, it can be seen that the gravitational anomaly is reflected by a
modification to the BTZ black hole entropy by a term proportional to its inner horizon [26]

mwr TOT — e ar_
Sprz = — <r+ - —) (3.5)

°2G ~ 2GI, 3l I

where 74 and r_ are outer and inner horizons of the BTZ black hole, respectively. The
same result are obtained using other methods [28, 29].

Note that in the AdS/CFT correspondence, the BTZ black hole entropy is identical to
the entropy of its dual 2-dimensional CF'T on the conformal boundary at spatial infinity.
Thus it is natural to consider how the gravitational Chern-Simons term modifies the HEE
of dual CFT. To see this, recall that the solutions of Einstein equation which are AAdS
spacetime can be expanded through the Fefferman-Graham (FG) expansion in the Gaussian

normal coordinates [23-25, 38]
ds? = dp* + I2h;jdz"d? | (3.6)

where

O 4 n? e 2lapl) 4o (3.7)

hij = €2p/l“h

The conformal boundary of AAdS spacetime is located at p — oo, and the induced metric
on it is hgjo-). The stress energy tensor of the dual 2-dimensional CFT is [25, 35, 36]

_ 1 2) 5kl 5(2),(0)
T;; = —— (he) — hfs b b)), (3.8)

It can be seen that although the CFT is defined on the boundary with metric hE?), its
stress energy tensor relates to the bulk metric up to hg). Besides, the contribution from
the gravitational Chern-Simons term to 7;; also include hl(-?). This indicates that to study
the gravitational Chern-Simons term correction to HEE, we need to take the contribution of
hl(-?) into consideration. It is shown that like the HEE, the correction can also be expressed

as the geometric quantities like the metric and Christoffel symbol.?

3.1 Zero temperature CFT case

The zero temperature 2-dimensional CFT case corresponds to the bulk global AdSs space-
time with metric

ds? = dp® + z§< — cosh? lﬁdtZ + sinh? £d¢2> (3.9)

a la

= dp? + %/l | — @dﬁ + @dgb? - @dﬁ - @d& 4+ e 2lla| _ @dﬁ + @d&
4 4 2 2 4 4 '

2See appendix for the detailed calculation.



Its dual 2-dimensional CFT is defined on the boundary at large p = pg > [, with conformal
metric hz(j), po is related to the UV cutoff a of the CFT. To use the replica trick in section II,
we work in the FEuclidean signature by taking ¢ — —i7. Then define

la 4 ilag o e (3.10)

a
w=
2 2

2)

As has been mentioned above that we need to take into account of the hz(j terms. So in

the p = pg > 1, limit eq. (3.9) can be approximately described by

ds?® ~ dp? + /' (1 + 2¢ + eIn(22))dzdz
+(1+ 2¢ + 2eIn 2)dz? + (1 + 2€ + 2¢1ln 2)dz? + O(?)
= dp? 4+ 2e%/'a hzdzdZ 4 h,.d2? + hzzdZ? + O(e?)

= dp® + 29.2dzdZ + h,.d2* + hzzdZ* + O(e?). (3.11)
Thus we obtain
e4p/l¢1
g = hoshss — e/l hshs, ~ 1 (1 + 4e + 2eIn(22)) + O(€?),
_ 1 __Oh--
Iz =4(1 —4e — 261n(z,§))h25% + ihzz 8gfz + O(é?),

8h22
0z

1 . oh..
2
z z 1 >
e, =" = E(l —4de — 2eln(22)) + O(€?),

F;z — 4(1 —4e — 2¢ ln(zé))hzz Oz

+h +0(e),

= 4
. =12 = —er/l“% and I’gp = —l—e_QP/l“(l —4e — 2eln(zz))hzzh.z + 0(62),

. 4 ,
., = —Ee 20/la(1 — 4e — 2¢1n(22)) hazhz, + O(€2),
. Oh,z 1 ., 0h
2 = —de 2P/la(1 — 4e — 2eIn(22) ) hypy —22 4 = g7* 22 2
z. e ( e —2eln(zz))h,, oy + 5 . + O(€?),
Oh,z 1 ,.0hz
z —2p/la _ _ _ L 2Z L2z zZz
Iz 4e (1 —4e — 2€ln(zz))hzz 9% + 5 5% + O(é%). (3.12)

From eq. (2.13), the singular part of the Riemann tensor and Riemann scalar are

SR, = "R, = —27765(2)(2, Z) and °R:.="RZ, = 47‘(‘6672[)/[”5(2)(2, zZ),
SR = —8mee 21§ (2, 7) 4 32mee™ /1 5 (2, 2) + O(?). (3.13)

Like eq. (2.21), the Einstein-Hilbert action is divided into two parts

Igg =71 — s 14
EH+16 G/ v/ —gdzdzdz’R, (3.14)

and the contribution to the HEE is

_Lm o—4p/la
SEH—4G/ / dp
c L

(3.15)

[=2N e



The first term is just the universal term of the HEE obtained in [1, 11, 37].> Here pq is
related to the UV cutoff a of the dual 2-dimensional CFT by exp(po/l,) = L/a, and L is
the length of the whole system A + B.

To compute the correction of the gravitational Chern-Simons term to HEE, we can use
the result in [20, 26], the introduction of the singular coordinate transformation in eq. (2.7)
causes conical singularities on the bulk minimal surface. As a result, the induced Riemann
tensor on the minimal surface is

R“Vaﬁ = TR“I;B — 2me[(nf'nq)(n"ng) — (n*ng)(n"ny)]os. (3.16)

Where oy is a 2-d delta function which is nonzero on the bulk minimal surface and n#n, =
nln + nhn?. Then the Chern-Simons term is also divided into two parts

Ics = "Ics — 3‘;‘—; B 1r/ =g o, [(nP1,) (nOny) — (nPny)(nn, )0y, (3.17)

where "Icg is the regular part of the gravitational Chern-Simons term. From the appendix,
the singular part of eq. (3.17) is

S ~ ht;p ht:l) h 1
Tos = 320 / dx\/_ htt haa) p(77)° [ A (hut+has) + - <hm+ >]‘ . (3.18)

Since hy, is zero in eq. (3.9), *Ics vanishes, consequently, Scg = 0. Thus we can see that
the gravitational Chern-Simons term does not correct the HEE of the 2-d CFT (at zero
temperature) on the boundary of global AdSs spacetime.

3.2 Finite temperature CFT case

The finite temperature 2-dimensional CFT case corresponds to the case of the bulk having
a BTZ black hole with metric [50]

(72_7&)(7”2—7”%) 2 a 2
2,2 dt +(T2—ri)(r2—r%)dr + 72 do —

The black hole is of mass m = (r? +r%)/(8GI2), angular momentum j = ryr_/(4Gl,) and

temperature 7' = (r% — r2)/(2ar(2). It can also be expressed in the Gaussian normal

T’+T’,

ds® = —

dt>2. (3.19)

coordinates by setting

dp = Lardr , (3.20)

V02 =2 = r2)

which gives

I eP/la = \/7“2 —r2 +/r2—r2. (3.21)

3Compared to the calculation in field theory side, there is a difference by a factor 2. This is due to the
fact that here we only considered one brunch point, while there are two brunch points at the boundary
between A and B. With this eq. (3.15) can reproduce the correct result.



In the p > [, limit, we have

42 16G%12m?  16G?j
20/l __ —4
e/ —E—16Gm— r; +—03 +O(r )
l2
and r? = Zae?/f/la +412Gm + 472l (4GP m? — G24%). (3.22)
Then the metric can be expanded as
1
ds* = dp* + (— ZeQP/l“ + 4Gm> dt? (3.23)

l2
+ (Z“e%/’a +4GI2m + de= 2/ (4GP 12m* — G? f)) d¢?

2,2

—8Gjdpdt — 4e~20/s <4G2m2 - Gl_;> at2 + O(e~ /')

1 12
= dp? + %/l ( — ZdtQ + Z“d(bQ) + 4Gmdt* + AG12md¢?* — 8Gjdpdt

2,2
e 2/l <<4—Gl2’ - 16G2m2> dt? + 16G*13m*dg” — 4G2j2d¢2> +O(e ¥/,

In this case, we need to take ¢ — —i7, j — ij and define

1 l
w= 57+ i;é = 2" = 2!, (3.24)

terms we obtain

After reserving the hg)

ds? = dp®+2¢*/'a h_zdzdz+ <¢8th7 —8Gm> h..dz*— (iiﬁwczm) hzzdz?+O(€%), (3.25)

a a

where h,z, h,, and hsz are the same as those in the pure AdS3 case. Thus just following

the procedure above, the singular part of the Riemann tensors and Ricci scalar are

SRjZZ = SR;Z,Z = _27T65(2) (Z7 2)7 (326)
*RZ,; = dmee 0/l (z%ﬂ - 8Gm> 03z, 2)
8G
and “RZ;, = —dmee 2/l (Zl—j + 8Gm> 5z, 2),

‘R = —8mee /1§ (2, 7)

N 2
+32mee 60/ la ((8Gm)2 + <8lGJ> >5(2)(z, 2) + O(e?).

,10,



Then the total action is

€ po c 8Gj 2 po
I~"Igg— — dp+ — ( (8Gm)? — dollagy 47 ],
EH 4G/p+ P+G( m)+<la>>/p+€ p+ Ics

+ OéEj d ﬁ (8_1;:)2 e*2p/la
1612 911(8—5)2 + (%_1:)2 z_I;
"Ign +" Ics
2 _ .2 s A
ce, B ce "+ T ce 2 8Gj a 1
) I AT) P at
6 a - 6 lg 6 <(8Gm) +< l, G4 4w2riT2
ae) (ap) Plta
—i——/dwﬁ
1603 Js " g (G2 + ()2 14

3 ce 8Gj\? 1
"Ten +" Ics — E 1n + — 1n(27rr+T) 5 (8G'm)? + o 5T
or —2p/la
1046372 / \/— mm fga ) OF \2 : dr| - (3'27)
a_) + (a—p) |d—p

Here we have taken the UV cutoff e/l ~ §/a as in [11] and # is the inverse of the temper-
ature T'. Thus we can obtain the HEE of the dual 2-dimensional CFT with gravitational
Chern-Simons correction at finite temperature T

-\ 2
SA—glné——ln(%uT)—g((SG )2+<8GJ> >4 !

a l, 7T27’_2|_T2
argr_ / 8p + g:m:( 8/)) 72p/la (3 28)
o 3 AF \2 dF :
64G12 24 (8_p) |d—p

Generally speaking, we need to solve the equation for the bulk static minimal surface to get
the explicit contribution of the last term in eq. (3.28). For simplicity, here we would like
to evaluate this term by making some approximations. Since the CFT system is located at
the circle with radius p = pg > I, the bulk static minimal surface now is just a minimal
curve which connect the boundary (two points) between subsystems A and B. The length
of the minimal curve should have the same order of the arc length [4 of the subsystem A.
When [ 4 is small compared to the length of the boundary, the bulk minimal curve is close
to the arc of A on the boundary. Thus, the equation for the bulk minimal curve can be
approximately evaluated by

F = p(z) = po. (3.29)
So dF/dp = 0F/0p = 1 and OF/0x = 0. Consequently, we obtain the gravitational
Chern-Simons term correction to HEE

anryr_ a
Seg ~ — =2 3.30
s 64G12 3 (3:30)
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It is obvious that Sgg is an finite correction to the HEE of subsystem A. Now let us
consider two special cases. One is the extremal black hole case or zero temperature limit
with r, = r_, the other is the nonrotating BTZ black hole case with r_ — 0.

When r =r_, f — oo, we have
4

8cry
- —x 31
370 (3:31)

c., L
Sq ~ glng

Note that here we have restored the UV cutoff e”o/la ~ L/a and p € [0, po] in the zero
temperature limit. We can see that in this zero temperature limit, the gravitational Chern-
Simons term correction to HEE vanishes and the universal part of HEE is the same as that
in pure AdS3 spacetime.

When r_ — 0, we have

In

SHRY

SA ~ In (3.32)

Wl o
Wl o
Wl o

"+
la

The HEE computed directly from the bulk minimal surface in nonrotating BTZ black hole

metric is [11]

! !
Sa ~ gln (ﬁ sinh %‘) - %m <ﬁ> + gln <sinh Eé“). (3.33)

Ta ma

Comparing eq. (3.32) with eq. (3.33), the leading terms give the same result, up to a small

finite term ~ In 7. In the low temperature phase, the second term in eq. (3.33) gives £ In %,

while the second term in eq. (3.32) gives a negative contribution —%In rl—:, although both
terms are small compared to the leading term. Also, like the zero temperature case, the
contribution from the gravitational Chern-Simons term to HEE is zero up to the order of
hz(?). From eq. (3.5), we can see that when r_ — 0, the nonrotating BTZ black hole entropy

is also not corrected due the bulk gravitational Chern-Simons term.

4 Conclusions and discussions

In this paper, we studied the gravitational Chern-Simons term correction to the HEE of
the dual 2-dimensional CFT on the conformal boundary of AAdS3 spacetime by using the
off-shell Euclidean path integral approach. As we have expected, like the BTZ black hole
entropy, although the bulk geometry does not change in the presence of the gravitational
Chern-Simons term, the HEE is indeed modified by an finite term (up to the order of
hg)) at finite temperature case where the bulk is the BTZ black hole. This is because
the presence of the gravitational Chern-Simons term violates the bulk diffeomorphism
invariance of the gravitational action. In the AdS/CFT correspondence, the violation
causes the gravitational anomaly (covariant anomaly) in the dual 2-dimensional CFT on
the conformal boundary. Since the covariant anomaly modifies the central charges of
CFT, it also should make a contribution to the HEE. While in the zero temperature and
nonrotating BTZ black hole cases, the gravitational Chern-Simons term does not contribute
to HEE in our calculation. However, the central charges of the dual CFT are corrected,

- 12 —



too. A possible explanation is that the large N correction caused by the bulk gravitational
Chern-Simons term is not high enough to excite the NS-NS vacuum (since there is a
mass gap between AdSs spacetime and the black hole spectrum) and the dual field of
nonrotating BTZ black hole, so its entropy does not change. A support of this point is
that from eq. (3.5), when r_ = 0, the nonrotating BTZ black hole entropy is not corrected.
Anyway, this point needs a further study. It can be seen that, when the temperature T is
zero or finite, our results in the case without gravitational Chern-Simons term correction
reproduce those obtained from the geometric calculation. It should be stressed here that
in the calculation, we did not actually solve the constraint equation 6.4 = 0. Instead,
we just used the approximate UV-IR relations exp(po/l,) = L/a at zero temperature and
exp(po/la) = (/a at finite temperature, these relations are enough to show the gravitational
Chern-Simons term correction to HEE in the leading order. To find the full exact result,
one need to solve 0.4 = 0 and find out the exact UV-IR relation.

We want to point out that generally, the HEE is not the same as the black hole entropy
when there is a black hole in the bulk. In fact, as has been shown in [17], the bulk minimal
surfaces are generated either by null curves (with black hole in bulk) or spacelike curves
(without black hole in bulk), and the area of the bulk minimal surface acts as the entropy
bound (such as the covariant entropy bound [51]) of the CFT system. Thus the HEE

indicates the maximum entropy of the CFT system.
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A Explicit derivation of the Chern-Simons term correction
For AdSs spacetime and BTZ black hole, eq. (3.6) can be expressed as
ds? = dp? + gudt® + 2gipdtde + gppda?, (A.1)

where gy = huy Gt = higy Goo = hyr and g = h =~ —ie‘lp/ la_ Set the bulk static minimal
surface (denoted by X)) be

z=ux(p) or Flz(p),p] =0. (A.2)

One of its normal vectors is

OF OF
1_
n = <0, o (9/))' (A.3)

There is another normal vector of the bulk static minimal surface

n? = (£,0,0), (A.4)
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where f is some function which can be determined by the normalization condition. From
eq. (A.3) and eq. (A.4) we can read the nonvanishing components of these normal vectors

nl = 8—F, n! = a—F, n? = f. (A.5)
P

Thus we have

1 1
n'ny = nini +ninf +npnf =ng(¢" n. + g% n1e) + g7 nin'

() ()

n’ng = nink = gt f2. (A.7)

and

Then we get the unit normal vectors

1 F OF
ﬁl = oF oF < ) (?9_7 88_> and ﬁ‘2 = I (17 07 0)7
\/gxx(_x)Q + (8_p)2 Y 1% /_g
. 1 < (9F vz OF 6F> . 1 o ot
ny = g _a_ and na2 = (g ,g:v,o),
Jorr G+ e\ ot 0e g "
(A.8)
which satisfy ', = 1 and 7hy = —1.
The singular part of the gravitational Chern-Simons term is [26]
Qe
o = —% d3x\/—gfague“”)‘[(nﬁn,,)(nanA) — (nﬁn,\)(nany)]ég, (A.9)
where
ot —CY(F
o (t — C)S(Fl(p). o) 0

measure of the ¢,p components

is the 2-d delta function which is nonvanishing only on the bulk static minimal surface X3,

C' is some const. time and

5(Fla(p), p]) = % (A11)
dp

where p is the value of p on 3. Integrating out the delta function in eq. (A.9), we obtain

1
Tog = —@ dx\/AT o, [( ﬁny)(no‘m\) — (nﬁnA)(no‘ny)]@, (A.12)
dp

where \/ydx = \/(dp/dx)? + gy.dx is the invariant measure on X.

Making coordinate transformation in the Gaussian normal coordinate eq. (A.1), label-

ing 2 =t = —ir, j — ij and 2! = 2. Defining
1 , 1 .
w = 5(7’ +izr) and w= 5(7’ —ix), (A.13)
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then we have 7 = w + w and * = —i(w — w). Thus we can rewrite eq. (A.1) as

ds?® = dp2 - (h(]o + 2hg1 + hll)de — 2(h00 - hn)dwdu_) - (h(]o — 2hg1 + hll)dwz. (A14)

Like before, we further introduce a singular coordinate transformation w = 2" = z'*¢ and

expand it in the linear order of €. After that we obtain

ds® = dp® — (hoo + 2hoy + hi1)h..dz* — 4(hgo — h11)h.zdzdZ — (hgo — 2hoy + hi1)hzzdZ
= dp® + g.2(p, 2)dz" + 29:2(p, 2, 2)dzdz + gzz(p, Z)dZ". (A.15)

Then the unit normal vectors n; and 719 become

A 1 [ (g 8F+ 3F>a n i(gmaF gmaF>6 +6F6]
\/gmm(g_i)Q_i_(%_l;)Z 2 Ox Ox 2 Ox Ox op

L 1 i_ it xt _i it wto
fy = @[2( 9" +97)0: = 59" + 9" )|, (A.16)

The nonvanishing components of I', 3 are

1 1 1
Iz =— 592z,m L2z = 29,2,2 Zs szz :igzz,p,
1 1 1
szz :ggzi,pa szz 2gzz,pa szz :§gii,p- (A-17)

For AdSs spacetime and BTZ black hole, up to the order of h(?, 9zz,p = 0 and gzz , = 0.
Meanwhile, both gz . and gz, > contain an € factor, thus they do not contribute to *Icg up
to the order of e. Substituting eq. (A.16) and eq. (A.17) into eq. (A.12), we obtain

Tos = 32G/ \F

For the AdSs spacetime, eq. (A.18) vanishes since hy, is zero, i.e., the gravitational Chern-

R e I e (419

Simons term does not alter the HEE in the zero temperature case. While for the BTZ
black hole, up to the order of A, we have

ae]

J
les=—5 | d

(A.19)

With the help of eq. (2.20), we obtain the gravitational Chern-Simons term correction to
HEE at the finite temperature case

ar+7°_/ 8p +gm(ap) e~ 2p/la
64G13 2 4 (%—1;) ‘Z_I;

In the above calculation, we have used the following result:

(A.20)

Under general coordinate transformation z — x’,
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\/__ge;u/Ad?)x N _g/eluu)\dfﬂxl

/ / 2N !
= |22 | =g 2 OO0 | O g, (A.21)
ox’ Oz OxB Oxv Ox

where ¢’ = 4g in this case, which gives

5 1
P = , (A.22)
2v/=g

and

s i
V=g’ dpdzdz = 2\/—g——=dpdzdz = idpdzdZz. (A.23)
2v—yg
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